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ABSTRACT 

Graph characteristics are often analyzed through various parameters, with ongoing re- 
search dedicated to exploring these aspects. A hypergraph is a generalization of the conven- 
tional graph, abstracting and extending graph theory concepts[32]. In this paper, we explore 
the use of Ultrafilters as an obstruction for determining the value of Hypertree-width. Ultra- 
filters, a fundamental concept in mathematics, play a significant role in various mathematical 


fields. 


Keywords: Hypertree width; Superhypertree width; Tree-width; Bramble 


1. Introduction 
1.1 Graph Width Parameters 

Graph characteristics are often an- 
alyzed through various parameters, with 
ongoing research dedicated to exploring 
these aspects. Among these, graph width 
parameters like tree-width[[52}54], cut- 
width[35| [43], clique-width[9], modular- 
width[l], tree-cut-width[18}|44], boolean- 
width[2| [60], branch-width[/15} 
rank-width[40\/47\/48] ,and path-width(41| 
hold significant importance due to their 
practical applications in algorithms and 
real-world scenarios. This has led to active 
research in the field, focusing on how these 
parameters influence computational effi- 


ciency and problem-solving approaches. 
When considering width parameters, 
it’s common to study obstructions that de- 
termine the values of these parameters, such 
as Tangles[14}{51|/54], Ultrafilters(11| 
[17], and Brambles/4}(38]. These ob- 


structions also play a crucial role in the de- 
velopment of graph algorithms and game 


theory (I17|27)49]54) 


1.2 Hypergraph and SuperHyperGraph 

A hypergraph is a generalization of 
the conventional graph, abstracting and ex- 
tending graph theory concepts[32]. Hy- 
pergraphs have numerous applications in 
fields such as machine learning and network 


analysis[7| [45]. In many practical 
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applications, it’s important to assess how 
closely a graph approximates a tree struc- 
ture. This has led to extensive research 
on Hypertree-width[3} and 
Hyperpath-width, which measure the tree- 
likeness of hypergraphs. 

Recently, the concept of a SuperHy- 
perGraph, a further generalization of a hy- 
pergraph, has been introduced, generating 
significant research interest similar to that 
surrounding hypergraphs [22}{2533|34|/55| 
[56/58]. Related concepts, such as SuperHy- 
perAlgebra, have also been proposed [57]. 


1.3 Our Contribution 

In this paper, we explore the use of 
ultrafilters as an obstruction to determining 
the value of hypertree-width. Ultrafilters, a 
cornerstone of mathematical theory, signif- 
icantly influence various mathematical do- 
mains [5{8/13|15}17|28]. Furthermore, we 
introduce the concept of SuperHypertree- 
width, which we anticipate will enhance the 
study of SuperHyperGraph structures. Ad- 
ditionally, we aim to facilitate the practi- 
cal application of hypergraph theory in real- 
world scenarios. 


2. Preliminaries and definitions 
2.1 Hypergraph 

In this subsection, we elucidate the 
fundamental concepts of hypergraphs. For 
an in-depth exploration of hypergraphs, in- 
cluding their applications and an overview, 


please refer to [6/10/21]. 


Definition 2.1. (6) A hypergraph is a 
par H = (V(A),E(A)), consisting of a 
nonempty set V(H) of vertices and a set 
E(A) of subsets of V(H), called the hyper- 
edges of H. In this paper, we consider only 
finite hypergraphs. 


Definition 2.2. (6) For a hypergraph H and 
a subset X € V(#), the subhypergraph in- 


duced by X is defined as H[X] = (X, {en 
X | e € E(A)}). We denote the hyper- 
graph obtained by removing X from H as 
H\ X :=H[V(A) \ X]. 


Definition 2.3 (Separation in a Hyper- 
graph). Let H = (V(A), E(#)) bea hyper- 
graph. A separation of H is a pair (A, B) of 
subhypergraphs of H such that: 


¢ A = A[Va] and B = A[Vz], where 
Va,Vpe © V(A) are subsets of the 
vertex set V(H). 


e 


VaUVpg = V(A) (the union of the ver- 
tex sets of A and B covers all vertices 
of H). 


e 


Va Vz is called the separator of the 
separation and F(A) M E(B) = @ (no 
hyperedge in H is shared between A 
and B). 


The order of the separation (A, B) is de- 
fined as the size of the separator |V4 N Val. 


2.2 Hyperbramble and Hypertangle 
Next, we will explain Hypertree- 
width. Hypertree-width is the hypergraph 
counterpart of Graph Tree-width, which 
was defined in the 2000s[3}/29]/30]/46}/61]]. 
Although there are several variations of 
Hypertree-width, they will not be covered 
in this discussion. The range of Hypertree- 
width values can be determined using con- 
cepts like Hyperbrambles and Hypertan- 
gles[3}. 
Definition 2.4 (Hypertree-width). Let 
H = (V(A), E(A)) be a hypergraph, where 
V(A) is the set of vertices and E(A) is the 
set of hyperedges. A tree decomposition of 
H isa tuple (T, (B;);evcr)), where: 


° T=(V(1), F(7)) isa tree. 


* (Bi)rev(r) is a family of subsets of 
V(A), called bags, such that: 
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1. For every hyperedge e € E(#), 
there exists a node t € V(T) 
such that e C B,. 


2. For every vertex v € V(A), the 
set {t € V(T) | v € B;} induces 
a connected subtree of T. 


The width of a tree decomposition 
(T, (Bi)rev(r)) 1s defined as: 


width(T, (B;);ev(r)) = max (|B;|- 1). 
teV(T) 


The hypertree-width of H, denoted by 
tw(), is the minimum width over all pos- 
sible tree decompositions of H. 


Definition 2.5 (Hyperbramble on a Hyper- 
graph). Let H = (V(A), E(A)) bea hy- 
pergraph. A Hyperbramble of hyperorder 
k+1isaset 8 of connected subsets of V(H) 
satisfying the following conditions: 


(HBO) Any two subsets X1, X2 € 8 touch, 
meaning X; 9 X2 # @ or there exists 
a hyperedge e € E(H) such that en 
X, #@anden X) #90. 


(HB1) The hyperorder of 8 is defined as the 
smallest integer k such that there ex- 
ists aset S C E(A) with |S| = k and 
SOX #0 forall X € B. 


Definition 2.6 (Hypertangle on a Hyper- 
graph). Let H = (V(A),E(A)) be a 
hypergraph. A Hypertangle of hyperorder 
k +1 is ahyperbramble 7 in H that addi- 
tionally satisfies the following condition: 


(HTO) For any three subsets X;, Xo, X3 € 7, 
either X;N.X2NX3 # or there exists 
a hyperedge e € E(#) such that en 
X; #9 for alli € {1, 2,3}. 


(HT1) The hyperorder of 7 is defined as the 
smallest integer k such that there ex- 
ists aset S C E(A) with |S| = k and 
SOX #Q@ forall X eT. 


Here, we perform some transforma- 
tions on the hypertangle. This is done to 
make it more closely resemble the Tangle 
of general graphs as defined in [54]. 


Lemma 2.7. Let H = (V(H), E(A)) bea 
hypergraph, and J be a hypertangle of or- 
derk +1. 


(HTO’) If X1, Xo, X3 € J, either X; U XU 
X3 # X or there exists a hyperedge 
e € E(A) such that en X; # 0 forall 
ié {1, 2, 3}. 


Proof. We will use proof by contradiction. 
If X; UX) U X3 = X, then X10 XoN X3 = 0. 
By the definition ofa hypertangle, X1N.X2N 
X3 must either be non-empty, or there must 
exist a hyperedge e that intersects all X;. 
Since we assumed the contrary, we reach a 
contradiction. Oo 


Lemma 2.8. Let H = (V(H), E(A)) bea 
hypergraph, and J be a hypertangle of or- 
derk +1. 


(HT2) The order of all hypergraph separa- 
tions (A, B) € F is less than k. 


Proof. Obviously holds. Oo 


Lemma 2.9. Let H = (V(H), E(A)) bea 
hypergraph, and J be a hypertangle of or- 
derk +1. 


(HT3) For all separations (A, B) of H of or- 
der less than k, either (A, B) € T or 
(B, A) eT. 


Proof. Consider a hypertangle 7 of hy- 
perorder k + 1 in the hypergraph H = 
(V(A), E(A)). Let (A, B) be any separa- 
tion of H of order less than k. 

Now, suppose neither (A,B) nor 
(B, A) isin J. This would imply that both 
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A and B are not in J. Consider the sets 
X, = A, Xo = B,and X3=AUB. 

If X; U Xo U X3 = V(A), then by 
HTO’, there must exist a hyperedge e € 
E(A) such that e N X; # @ for alli € 
{1, 2,3}. However, since A and B are 
disjoint, e cannot intersect both A and B, 
which contradicts the hypertangle condi- 
tion. Oo 


Lemma 2.10. Let H = (V(A), E(A)) be 
a hypergraph, and T be a hypertangle of 
order k +1. 


(HT4) If (Az, Bz) € F and A, © Ag, where 
(A1, Bi) is a separation of H of order 
less than k, then (Ay, Bi) € T. 


Proof. Let (A2,Bo) € F and A; © Ag, 
where (A, B,) is a separation of H of order 
less than k. Assume for the sake of contra- 
diction that (A;, Bi) €7. 

By the previous proof, we know that 
for any separation (A, B) of order less than 
k, either (A, B) or (B, A) must belong to 
J. Since we assumed that (A;, Bi) ¢ J, 
it must be that (B;,A1) € 7. 

Now, consider the three subsets X, = 
Ay, X2 = Bo, and X3 = A, U Bo. If X, U 
X2UX3 = V(H), then by HTO’, there should 
exist a hyperedge e € E(H) such that en 
X; #0 for alli € {1, 2, 3}. 

However, since Aj © Ag and By C 
B,, the intersection condition cannot be sat- 
isfied simultaneously for all three sets. This 
leads to a contradiction, implying that our 
assumption (A1, B,) ¢ J is false. 

Therefore, (A,, B;) must belong to 
J whenever A; © Ag and (Aj, Bj) isasep- 
aration of order less than k. This completes 
the proof. Oo 


Theorem 2.11 (Hypertangle on a Hyper- 
graph). Let H = (V(A), E(A)) be a hyper- 
graph. A Hypertangle of hyperorder k +1 


is a hyperbramble Ff in H that additionally 
satisfies the following condition: 


(HTO’) If X1, Xo, X3 € J, either X1 U X_U 
X3 # X or there exists a hyperedge 
e € E(A) such that e X; # Y for all 
ié {1, 2, 3}. 


(HT1) The hyperorder of J is defined as the 
smallest integer k such that there ex- 
ists a set S C E(A) with |S| = k and 


SAX #OQ0forallX eT. 


(HT2) The order of all hypergraph separa- 


tions (A, B) € F is less than k. 


(HT3) For all separations (A, B) of H of or- 
der less than k, either (A, B) € T or 
(B, A) eT. 


(HT4) If (Az, Bo) € FJ and A, © Ao, where 
(A1, Bi) is a separation of H of order 
less than k, then (Ay, Bi) €T. 


3. Result 

3.1 HyperUltrafilter and Hypertangle 
We consider about HyperUltrafilter 

analogeous to Ultrafilter of set theory. H- 

Ultrafilter on a Hypergraph is following. 


Definition 3.1 (H-Ultrafilter on a Hyper- 
graph). Let H = (V(A), E(A)) be a hy- 
pergraph. An H-Ultrafilter of order k is a 
family ¥ of separations of H satisfying the 
following conditions: 


(HO) The order of all separations (A, B) € 
F is less than k. Specifically, the or- 
der of a separation (A, B) is defined 
as |AN B|, and we require |ANB| < k 
for all (A, B) € F. 


(H1) For all separations (A, B) of A of or- 
der less than k, either (A, B) € ¥ or 
(B, A) € F. 
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(H2) If (A;, B1) € F and A; C A» where 
(Ag, Bo) is a separation of H of order 
less than k, then (Ag, Bg) € F. 


(H3) If (Ai, B1) € F and (Ag, Bo) € F, 
and (A, Ao, By UBz2) is a separation 
of H of order less than k, then (A, M 
Ag, By U Bo) € F. 


(H4) If V(A) = V(H), then (A, B) € F. 


The complementary equivalence be- 
tween Hypertangles and HyperUltrafilters 
is demonstrated in the following theorem. 
This equivalence shows that, like Hypertan- 
gles, HyperUltrafilters can serve as obstruc- 
tions to determining Hypertree-width. It is 
fascinating to see how Ultrafilters, a con- 
cept from set theory that seems unrelated at 
first glance, can be extended to hypergraphs 
and become a crucial obstruction. 


Theorem 3.2. (Hypertangle and Hyper- 
ultrafilter Equivalence) 

Let H = (V(A), E(A)) be a hypergraph. A 
setT is a hypertangle of hyperorder k+1 in 
H if and only if F = {(X,Y) | (V,X) € T} 
is a hyper-ultrafilter of hyperorder k +1 in 
H. 


Proof. We will prove both directions sepa- 
rately. 

Forward Direction: Assume 7 is a 
hypertangle of hyperorder k + 1 in the hy- 
pergraph H. We aim to show that F = 
{(X,Y) | (Y, X) € T} satisfies all the con- 
ditions of a hyper-ultrafilter of hyperorder 
k+l. 

We will verify each condition in turn. 
(HO) Hyperorder Condition: 

Let (X,Y) € F. By definition of F, 
this implies that (Y,X) € J. Since J isa 
hypertangle of hyperorder k + 1, the hyper- 
order of (Y, X) is less than k + 1. There- 
fore, the hyperorder of (X,Y) is also less 
than k + 1, satisfying condition (HO). 


(H1) Separation Inclusion Condi- 
tion: 

Consider any separation (X,Y) of H 
with hyperorder less than k + 1. Since 
J is a hypertangle, it satisfies condition 
(HT3). Applying this to (X,Y), we have 
either (X,Y) € F or (Y, X) € J. Translat- 
ing to ¥, this means either (Y, X) € F or 
(X,Y) € F, respectively. Therefore, con- 
dition (H1) is satisfied. 

(H2) Containment Condition: 

Suppose (Xi, Y1) € F and X, © Xo. 
Let (X2, Y2) be any separation of H with 
hyperorder less than k + 1. By definition, 
(Y%1,X1) € F. Since X; C Xo, it fol- 


lows that Yo © Y,. Applying (HT4) to 
(Y1,X1) € F and Yo C Yj, we deduce that 
(Yo, X2) € F. Consequently, (Xo, Yo) € F, 
fulfilling condition (H2). 

(H3) Intersection Condition: 

Assume, for contradiction, that F 
does not satisfy condition (H3). Then there 
exist separations (X1, Y,) and (Xo, Y2) in F 
such that (X19 Xo, Y; U Yo) ¢ F. 

Translating to 7, this implies that 
(Y, U Yo, X1 N Xo) ¢€ J. However, since 
J isa hypertangle, by condition (HT3), for 
the separation (X; N X2,¥1 U Yo), either 
(X1NX2, YyUY2) € F or (Y,UYo, X1N Xo) € 
J. The latter is already not in 7, so the for- 
mer must be in. 

Thus, (X] 9 X29, ¥; U Yo) € J, which 
translates to (Yj U Yo,X1 M Xo) € F. 
This contradicts our assumption that (X19 
X,Y, U Yo) ¢ F. Therefore, F satisfies 
condition (H3). 

(H4) Non-Triviality Condition: 
Condition (HT0’) ensures that J does not 
cover the entire vertex set V(H) without 
intersecting hyperedges appropriately, 
thereby preventing trivial ultrafilters. 

To see how (HT0’) implies (H4), as- 
sume for contradiction that there exists a 
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separation (X,Y) € F such that X = V(A#) 
or Y=V(A). 

If X = V(A), then (Y,X) = 
(0, V(H)) would be in 7. However, taking 
any three such separations (which would es- 
sentially be the same), their union would 
equal V(#H), and there would be no hyper- 
edge intersecting all three (since Y = 0), vi- 
olating (HT0’). 

Similarly, if Y = V(#), then 
(X,Y) = (V(A), 0) would be in F, leading 
to a contradiction with (HT0’). 

Therefore, no such trivial separation 
exists in ¥, satisfying condition (H4). 

Having verified all conditions 
(H0)—-(H4), we conclude that ¥ is indeed a 
hyper-ultrafilter of hyperorder k + 1 in H. 

Backward Direction: Now, assume 
that F is a hyper-ultrafilter of hyperorder 
k +1 in the hypergraph H. 

(HT0’) Existence Condition: 

Suppose ¥1,¥2,¥3 € YF. By 
definition of YZ, this means that 
(X1, Y1), (Xo, Yo), (X3,¥3) € F, where 
X; = V(A) \ Y; for eachi € {1, 2, 3}. 

Assume, for contradiction, that Y; U 
Y2UY3 = V(A#) and that there does not exist 
a hyperedge e € E(#) such that en Y; #0 
for alli € {1, 2, 3}. 

Consider the separation (X; 9 X2N 
X3,Y, U Yo UY3) = (X19 X20 X3, V(A)). 
Since Y; U Yo U Y3 = V(A), this separation 
effectively has X10 X20 X3 = 9. 

However, F is a hyper-ultrafilter, 
satisfying condition (H3) (Intersection 
Condition). Specifically, since (X1,Y1) 
and (X2,¥o) are in F, the separation 
(X,; M X2,Y¥; U Yo) must also be in 
F. Extending this to three separations, 
(X1 MN Xo 1 X3, 1 U Yo U Y3) should be in 
F. 

But this implies (0,V(H)) € F, 
which violates the non-triviality condition 
(H4). Therefore, our assumption leads to 


a contradiction, and thus, there must exist 
a hyperedge e € E(H) intersecting all Y;. 
This satisfies condition (HT0’). 

(HT1) Hyperorder Condition: 

By the definition of a hyper- 
ultrafilter, # has hyperorder k + 1. The 
hyperorder of Y is defined as the small- 
est integer k such that there exists a set 
S ¢ E(A) with |S| = k and SOY # @ for 
alYegs. 

Since ¥ is a hyper-ultrafilter of hy- 
perorder k + 1, the corresponding hypertan- 
gle J must have hyperorder k + 1 as well, 
fulfilling condition (HT1). 

(HT2) Separation Order Condi- 
tion: 

For any separation (A,B) € J, by 
definition, (B, A) € F. Since F is a hyper- 
ultrafilter of hyperorder k + 1, the hyper- 
order of (B, A) is less than k + 1. Conse- 
quently, the hyperorder of (A, B) is also less 
than k + 1, satisfying condition (HT2). 

(HT3) Separation Inclusion Condi- 
tion: 

Let (A, B) be any separation of H 
with hyperorder less than k + 1. Since F is 
a hyper-ultrafilter, condition (H1) (Separa- 
tion Inclusion Condition) ensures that either 
(A, B) € F or (B,A) € Ff. 

Translating to 7, this means either 
(B,A) € J or (A,B) € J, respectively. 
Therefore, J satisfies condition (HT3). 

(HT4) Containment Condition: 

Suppose (Ao, Bz) € FJ and A; € Ao, 
where (A1, B,) is a separation of H of hy- 
perorder less than k + 1. By definition, 
(Bo, Ag) eF. 

Since A; C Ag, it follows that By C 
By. The hyper-ultrafilter F satisfies condi- 
tion (H2) (Containment Condition), which 
states that if (X2,Y2) € F and X, C Xo, 
then (X1,¥:) € #F. Applying this, we 
have (B,,A1) € ¥, which translates to 
(Aq, By) eT. 
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Thus, J satisfies condition (HT4). 

Having verified all hypertangle con- 
ditions (HT0’)-(HT4), we conclude that 7 
is indeed a hypertangle of hyperorder k + 1 
in H. 

This completes the proof. Oo 


4. Future tasks: SuperHyperTree- 
width and SuperHyperPath-width 

In this section, we outline future 
tasks. While some definitions are still in the 
conceptual stage, we present them here to 
help advance research in hypergraph theory 
and superhypergraph theory. 


4.1 SuperHyperTree-width 

We intend to explore the concept of 
a SuperHyperGraph in the future. This Su- 
perHyperGraph is a generalization of the 
traditional hypergraph and has been re- 
cently proposed[[22}H25||33| 34] |55| (561/58). 
Like hypergraphs, it has attracted signifi- 
cant research interest. A brief definition is 
provided below. 


Definition 4.1. A SuperHyperGraph 
(SHG) [?] is an ordered pair SHG = (G C 
P(V),E ¢ P(V)), where: 


1. V= {Vj, Vo,...,Vm} is a finite set of 
m > 0 vertices, or an infinite set. 


2. P(V) is the power set of V (all sub- 
sets of V). Therefore, an SHG-vertex 
may be a single (classical) vertex, a 
super-vertex (a subset of many ver- 
tices) that represents a group (orga- 
nization), or even an indeterminate- 
vertex (unclear, unknown vertex); @ 
represents the null-vertex (a vertex 
that has no element). 


3. = {Fj, Eo,. ..5 Em}, for m > 1, 
is a family of subsets of V, and each 
E; is an SHG-edge, E; € P(V). An 


SHG-edge may be a (classical) edge, 


a super-edge (an edge between super- 
vertices) that represents connections 
between two groups (organizations), 
a hyper-super-edge that represents 
connections between three or more 
groups (organizations), a multi-edge, 
or even an indeterminate-edge (un- 
clear, unknown edge); @ represents 
the null-edge (an edge that means 
there is no connection between the 
given vertices). 


Definition 4.2. A SuperHyperGraph 
(SHG) may consist of the following ele- 
ments: 


¢ SingleVertices V;: Individual ver- 
tices as in classical graphs, e.g., 
Vi, Vo. 


e 


SuperVertices (or SubsetVertices) 
SV;,;: Subsets of vertices, e.g., 
SVi3 = {Vi,V3}, SVas5s7 = 
{V2, V5s7}. A super-vertex may repre- 
sent a group or organization. Indices 
separated by commas denote the 
combination of individual vertices 
into a super-vertex (e.g., SVi23 = 
{Vi, Vo, V3}). 


NullVertex Oy: A vertex with no el- 
ements. 


e 


e 


SingleEdges F;,;: Edges connect- 
ing two SingleVertices, e.g., E15 = 
{Vi, V5}, E2,3 = {V2, V3}. 


¢ HyperEdges HE; ;,x: Edges 
connecting three or more Sin- 
gleVertices, eg. HE1,46 
{Vi,V4, Ve},  HE2,4,5,7,8,9 = 


{V2, Va, Vs, Vz, Vg, Vo}. 


e 


SuperEdges (or Subset- 
Edges) = SE(j,;),(k,1): Edges 
connecting SuperVertices, e.g., 
SE (13,6),(45,79) = {SV13,6, SV45,79}- 
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* HyperSuperEdges (or HyperSub- 
setEdges) HSE; ;,,: Edges connect- 
ing three or more vertices, with at 
least one being a SuperVertex, e.g., 
HSE3,45,236 = {V3,V45, ieee 
HSE 1234,456789,567,5679 = 
{SV 1234, SV456789, SV567; SVaaul> 


Definition 4.3 (SuperHyperPath). Let 
SHP = (V,£) be a SuperHyperGraph, 
where V is a finite set of vertices and E isa 
family of subsets of V, called hyperedges. 
A SuperHyperPath is a special type of 
SuperHyperGraph where the hyperedges E 
can be ordered as £1, E,..., E,, such that 
for alli = 1,2,...,m — 1, the following 
conditions are satisfied: 


1. E; 0 Eis, # 0, meaning each con- 
secutive pair of hyperedges shares at 
least one common vertex. 


2. For anyi < j,ifv € E; 1 Ej, then 
v € Ex foralli < k < j. This en- 
sures that if a vertex appears in any 
two hyperedges E; and E; withi < j, 
then it must also appear in all hyper- 
edges between them. 


The hyperedges FE), F2,..., Em form a se- 
quence of connected subhypergraphs that 
resemble a ’path” structure in the SuperHy- 
perGraph. 


Definition 4.4. A  SuperHyperTree 
(SHT) is a SuperHyperGraph SHT that 
satisfies the following conditions: 


1. Host Graph Condition: There ex- 
ists a host graph T, which is a tree, 
such that: 


¢ T has the same vertex set V as 
SHT. 

* T has edges corresponding to 
the connections between ver- 
tices in V. 


2. 


e 


e 


e 


SuperHyperTree Condition: Every 
hyperedge E; in E of the SuperHy- 
perGraph SHT corresponds to a con- 
nected subtree of the host tree T. 
Specifically: 


¢ Each hyperedge E; can be a sin- 
gle edge (connecting two ver- 
tices), a super-edge (connecting 
subsets of vertices, where each 
subset is a connected subtree in 
T), or a hyper-edge (connecting 
more than two vertices, with the 
condition that they all form a 
connected subtree in T). 


If E; is an indeterminate edge, 
it must satisfy the condition that 
for any realization of E;, the 
vertices involved still form a 
connected subtree in T. 


. Acyclic Condition: The host graph 


T must be acyclic, which is a fun- 
damental property of trees. There- 
fore, SHT inherits this acyclic na- 
ture through the structure of its hyper- 
edges. 


Properties of a SuperHyperTree: 


Connectedness: A SuperHyperTree 
is connected, meaning that there is 
a path between any two vertices 
through a series of hyperedges. 


No Cycles: Since T is a tree, SHT 
does not contain any SuperHypercy- 
cles. 


Generalization of Trees: A Super- 
HyperTree generalizes the concept 
of a tree by allowing super-vertices 
and super-edges while maintaining 
the acyclic and connected properties 
of a tree. 
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Next, we consider about 
SuperHyperTree-width. The 
SuperHyperTree-width (SHT-width) is 
a generalization of the treewidth concept 
applied to SuperHyperGraphs, which 
extends the classical notion of tree decom- 
position to accommodate the complexities 
of super-vertices and super-edges. This 
definition extends the treewidth concept to 
more complex structures, such as Super- 
HyperGraphs, allowing for the analysis of 
their “tree-likeness” in a broader context. 


Definition 4.5. Let SHT = (V, E) be a Su- 
perHyperGraph (SHG), where V is the set 
of vertices and E is the set of SuperEdges. 

A SuperHyperTree decomposition of 
SHT is a tuple (7, 8, C) where: 


° T = (Vr, Er) isa tree. 


° B = {B, | t € Vr} is a family of 
subsets of V (called bags) associated 
with the nodes of the tree T, such that: 


1. Coverage Condition for Su- 
perEdges: For each SuperEdge 
e € E, there exists a node 
t € Vr such that the entire Su- 
perEdge e is contained within 
the corresponding bag B;, i.e., 
ec B,. 


2. Vertex Connectivity Condi- 
tion: For each vertex v € V, the 
set of nodes {t € Vr | v € B;} 
forms a connected subtree of T. 


°C = {C; | t € Vr} is a family of 
subsets of E (called guards) associ- 
ated with the nodes of the tree T, such 
that: 


1. Guard Condition for Su- 
perEdges: For each t € Vr, 
B, fC UC, where UC, 


denotes the union of all Su- 
perEdges in C;, 1e., UC, = 
{veV|deeC,:v ee}. 


2. SuperHyperTree Condition: 
For each t € Vr, (UG) 
Uuev(7,) Bu S Br, where T, 
denotes the subtree of T rooted 
at f. 


The width of the SuperHyperTree de- 
composition (T, 8, C) is defined as: 


width(7, 8,C) = max |C;|, 
teVr 


where |C;| is the cardinality of the guard C;. 
The SuperHyperTree-width (SHT- 
width) of the SuperHyperGraph SHT, de- 
noted by SHT-width(SHG), is the mini- 
mum width over all possible SuperHyper- 
Tree decompositions of SHG: 
SHT-width(SHT) = min width(T,8,C). 
(T,B,C) 
¢ The SuperHyperTree-width is a mea- 
sure of how close the SuperHyper- 
Graph is to being a SuperHyperTree. 


* For a classical graph, the 
SuperHyperTree-width — coincides 
with the treewidth. 


¢ If SHT is a tree-like structure 
(e.g., a SuperHyperTree), then 
SHT-width(SHG) = 1. 


A SuperHyperPath decomposition of 
SHG is a path version of SuperHyperTree- 
decomposition. 


Theorem 4.6. For any SuperHyperGraph 
SHG = (V,E), the SuperHyperTree-width 
(SHT-width) is less than or equal to the 
SuperHyperPath-width (SHP-width). For- 
mally, we have: 


SHT-width(SHG) < SHP-width(SHG) 


Takaaki Fujita | Science & Technology Asia | Vol.xx No.yy xxx - xxx 2020 


Proof. To prove this theorem, we need to 
show that for any SuperHyperGraph SHG = 
(V, E), the minimum width of a SuperHy- 
perTree decomposition is always less than 
or equal to the minimum width of a Super- 
HyperPath decomposition. 

A path is a special case of a tree 
where each node has at most two neighbors. 
Hence, any valid SuperHyperPath decom- 
position (P, y,A) of SHG is also a valid 
SuperHyperTree decomposition where the 
tree T is the path P. 

Let (P, yp, Ap) be an optimal Super- 
HyperPath decomposition of SHG, mean- 
ing: 


SHP-width(SHG) = width(P, yp, Ap) 


Since P is a special case of a tree, 
(P, vp, Ap) is also a valid SuperHyperTree 
decomposition. Therefore, the width of this 
decomposition is also a valid upper bound 
for the SuperHyperTree-width: 


SHT-width(SHG) < width(P, yp, Ap) 
= SHP-width(SHG) 


Since any SuperHyperPath decom- 
position can be viewed as a SuperHyper- 
Tree decomposition, and since the SHT- 
width is defined as the minimum width over 
all possible tree decompositions (including 
paths), it follows that: 


SHT-width(SHG) < SHP-width(SHG) 


This completes the proof. Oo 


4.2 Obstruction for SuperHyperTree- 
width 

In the future, we aim to ex- 
plore the following concepts: obstruc- 
tions for SuperHyperTree-width and 
SuperHyperPath-width. 


Definition 4.7 (SuperHyperlinkedness). 
Let SHG = (G, E) be a superhypergraph, 
where G € P(YV) is a set of supervertices, 
and E ¢ P(V) is a set of superhyperedges. 
Aset M C E is called superhyperlinked of 
order k + 1 if for any subset S ¢ E with 
|S| < k +1, the superhypergraph SHG \ S$ 
has a connected component C C€ G that is 
M-big, meaning it intersects more than half 
of the edges in M, 1.e., 
Kee M|enc#o3|> ot 

The largest integer k for which SHG con- 
tains a superhyperlinked set is called the su- 
perhyperlinkedness of SHG, denoted by 
shlink(SHG). Superhyperlinkedness is an 
extension of the concept of hyperlinkedness 
from hypergraphs to superhypergraphs. 


Question 4.8. Can a Superhyperlinked- 
ness determine the value of Superhypertree- 
width? 


Definition 4.9 (SuperHyperbramble on a 
SuperHypergraph). Let SHG = (G, E) be 
a superhypergraph. A SuperHyperbramble 
of superhyperorder k + 1 is a set 8 of con- 
nected subsets of G (supervertices) satisfy- 
ing the following conditions: 


(SHBO) Any two subsets X1, X2 € 8 touch, 


(SHB1) 


meaning X; 9 X # O or there exists 
a superhyperedge e € E such that en 
X, # Mand en Xo # 0. 


The superhyperorder of 8 is defined 
as the smallest integer k such that 
there exists a set S C E with |S| = k 
and $1 X #Q forall X € B. 


Question 4.10. Can a Superhyper Bram- 
ble determine the value of Superhypertree- 
width? 
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Definition 4.11 (SuperHypertangle on a 
SuperHypergraph). Let SHG = (G, E) be 
a superhypergraph. A SuperHypertangle of 
superhyperorder k +1 is a superhyperbram- 
ble 7 in SHG that additionally satisfies the 
following condition: 


(SHTO) For any three subsets X1, Xo, X3 €T, 
either X;N.X2NX3 # Q or there exists 
a superhyperedge e € E such that en 
X; # 0 for alli € {1, 2, 3}. 


(SHT1) The superhyperorder of J is defined 
as the smallest integer k such that 
there exists a set S C E with |S| = k 
andS xX #Q@forall X eT. 


Question 4.12. Can a Superhyper Tan- 
gle determine the value of Superhypertree- 
width? 


4.3 Directed SuperHypergraph 

Research on directed graphs and di- 
rected hypergraphs is ongoing, both in the- 
oretical and practical contexts|[16} {19} [39 
[42]. We are considering extending these 
concepts to superhypergraphs to explore 
whether new characteristics can be identi- 
fied through such research. Although still 
at the conceptual stage, the definitions are 
provided below. 


Definition 4.13 (Directed Superhyper- 
graph). A Directed Superhypergraph 
(DSH) is a tuple DSH = (V, E) where: 


¢ Visa finite set of vertices. 


* EC 2Y x 2 is a set of directed hy- 
peredges. Each directed hyperedge 
e = (T,H) € E consists of a pair 
T,H C V such that: 


— T is the tail set, representing 
the source vertices of the hyper- 
edge. 


— His the head set, representing 
the target vertices of the hyper- 
edge. 


Properties of a Directed Superhy- 
pergraph: 


* A directed hyperedge e = (T,#H) 
connects multiple source vertices in 
T to multiple target vertices in H. 


e 


If both T and H consist of single ver- 
tices (1.e., 7 = {v1} and H = {v9}), 
then e behaves like a directed edge in 
a standard directed graph. 


e 


Directed superhyperedges allow for 
complex relationships where sets of 
vertices influence other sets of ver- 
tices, extending the flexibility of tra- 
ditional directed graphs and hyper- 
graphs. 


Superhyperoutdegree and Super- 
hyperindegree: 


¢ The superhyperoutdegree of a ver- 
tex v € V is defined as the number of 
directed hyperedges e = (T,H) € E 
for which v € T, meaning v is part of 
the tail set. 


e 


The superhyperindegree of a vertex 
v € Vis defined as the number of di- 
rected hyperedges e = (T,H) € E 
for which v € H, meaning v is part of 
the head set. 


4.4 SpanningTree in SuperHypergraph 

In the future, we consider about 
SpanningTree in SuperHypergraph. In 
graph theory, a Spanning Tree is a subgraph 
of a graph that connects all vertices with the 
minimum possible number of edges, ensur- 


ing no cycles[31|/37|[50}. 
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